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The following symbols and conventions are used throughout this dissertation:

 denotes the set of all natural numbers
 represent total functions from  to , with 
 indicate partial functions on 
 refer to subsets of 
 or  denotes compositions of functions  and 
 means  is defined
 means  is undefined
 is the domain of 
 is the the range of 
 is the characteristic function of the set  
 denotes the restriction of  to arguments less than 
 denotes the restriction of the characteristic function of  to values less than 
 represents the ordered pair with elements  and  
 denotes the image of  under the standard pairing function from  onto 
 indicates that  is an initial segment of 
 stands for an expression that has at most one value for any substitution of  
 represents the associated partial function
 are used for numberings
 means numbering  is reducible to a numbering 
 indicates that  and  are incomparable, i.e., neither  nor 
 denotes the -th level of the arithmetical hierarchy 
 is the class of sets whose complement belongs to 
 denotes the -th level of the hyperarithmetical hierarchy 
 is the class of sets whose complement belongs to 
 denotes the -th Turing machine program
 denotes the unary function computable by a Turing machine with program  
 set stand for a computably enumerable set
 is the -th c.e. set
 represents the standard numbering of c.e. sets
 is the trivial equivalence relation on 
 denotes the identity equivalence relation on 
 means the binary relation  is computably reducible to 
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The field of computability theory includes a variety of fundamental problems and methods relevant to mathematics and its applications, with systematic presentations available in the Handbook of Recursive Mathematics [1, 2] and the textbook [3]. Numbering is the process of assigning natural numbers to various objects, such as functions. The theory of numbering was created on the basis of methods of classical computability theory to study the algorithmic characteristics of abstract objects. This is achieved by encoding information about these objects and analyzing their relationships using numerical indices that have certain properties. This approach was shown to be effective for the first time in K. Gödel’s seminal results concerning the incompleteness of arithmetic. Gödel's construction involved creating a list of all possible sentences within a formal system, where each sentence was assigned a unique Gödel number as a code. He then formed a new sentence by applying a "diagonalization" technique to this list of sentences. This means that Gödel chose elements (symbols or their negations) from the diagonal of the list to construct a new sentence. By using diagonalization to create a self-referential sentence, he demonstrated a statement that is true but cannot be proved within the formal system. This insight revealed that no consistent and complete formal system can encompass all truths about arithmetic. Consequently, the incompleteness theorem implies that any consistent axiomatic framework for arithmetic is unable to derive all true statements related to natural numbers.
Work on numberings introduces several fundamental concepts and naturally leads to a range of important questions. Many of these questions concern how the properties of sets may change depending on the particular numbering that is used, as well as whether it is possible to construct a numbering with certain desired characteristics for a given set. As this area continues to develop, a number of inherent difficulties arise, which in turn lead to deep, elegant, and sometimes unexpected results [4].
In his work, Kleene [5] made important contributions by using computable numberings to investigate partially computable functions and by introducing a universal function of this type. The numeration theorem formulated by Kleene later became an essential tool in the development of algorithmic theory and in the study of the behavior of computable objects. It also provides the basis for the classical recursion theorems and is widely regarded as the point from which the study of computable numberings began.
The idea of studying numbered families of sets in a systematic way is generally attributed to A. N. Kolmogorov in the mid-1950s (cf. [6], [7]). Later, many fundamental developments in the modern framework of numbering theory were carried out by researchers from the Russian school of computability theory (see, for instance, [8-11]). Around the same time, V. A. Uspensky [12, 13] began investigating computable numberings in a more systematic manner. Independently, Rogers [14] examined computable numberings of a family  consisting of unary partially computable functions. In that work he described a collection, denoted by , which includes every computable numbering associated with , and introduced a notion of reducibility between such numberings. This comparison induces a preorder on the collection of computable numberings. When numberings that are mutually reducible are identified, one obtains a structure  that forms a partially ordered system with the structure of an upper semilattice.
During the same period, other mathematicians - among them Friedberg [15], Mal’tsev [16-19], Pour-El [20-22], Rice [23, 24], and Dekker and Myhill [25] - also made important contributions to related questions in the theory of computable numberings. In addition, Frohlich, Shepherdson, and Rabin independently explored constructive (numbered) algebras, revealing several interesting phenomena connected with the role of numberings.
After the initial development by Ershov (see the monograph [11]), substantial progress in the theory of numberings was achieved through contributions by Ershov and Lavrov [26], Lachlan [27–31], Khutoretsky [32-34], V’jugin [35–37], Selivanov [38,39], Denisov [40, 41], Goncharov [42-47], Badaev [48-57], Kummer [58-61], and other researchers.
Within recursive mathematics [1-3], the theory of computable numberings plays a significant role. The construction method developed by Goncharov [42], which produces families of computably enumerable sets possessing only a finite number of computable Friedberg numberings, provides a methodological foundation for analyzing the algorithmic dimension of recursive models (see [62-68]).
Applications of numbering theory also play a significant role in classical recursion theory. In particular, Kummer [61] solved a well-known problem concerning recursive isomorphism types of partial computable functions by applying a result of Goncharov [42] on the number of computable Friedberg numberings for families of computably enumerable sets. More precisely, Kummer proved that for every , there exists a computable function that has exactly  recursive isomorphism types (see Rogers [69, Chapter 4]). Further noteworthy applications include the use of results on positive equivalences [52, 70] in proof theory [71], as well as the employment of one-element Rogers semilattices of families of computable functions [38, 48] in learning theory [60].
In the investigation of an algorithmic object, one typically encounters various derived constructive objects and structures that can be described within a formal language. For example, when analyzing the structure of -degrees, one naturally deals with classes of -computable sets, families of positive equivalences, and classes of -distributive lattices. In many cases, a deeper understanding of a given object or structure requires the study of classes of uniformly definable derived objects and structures of the same type.
The notion of a computable numbering for families of recursive models arose naturally and proved to be highly fruitful within recursive model theory [3]. A central focus of this area concerns questions about the existence of computable and universal computable numberings. Conversely, in order to clarify the structure and properties of computable numberings for families of recursive models, it is essential to study the computability of classes of computable numberings for families of computably enumerable sets [63, 64].
Computable numberings of many other classes of constructive objects are likewise important for solving a wide range of problems in algorithm theory. Examples include positive equivalences [11], morphisms  in the category of numbered sets [11], as well as -sets and -structures [3].
In [72], Goncharov and Sorbi proposed a general framework for studying classes of objects that admit constructive descriptions in a formal language. After analyzing various methods for defining computable numberings of families of mathematical objects, they formulated a general definition of computable numbering, which is presented below. A broader overview of the development of numbering theory can be found in [73, 74].
The relevance of the work.
Generalized numberings constitute one of the fundamental tools in computability theory, enabling the formalization of the structure of computable objects and the investigation of the interrelations between different types of algorithmic processes. The study of generalized computations with various oracles, including hyperimmune, hyperimmune-free, and oracles from the arithmetic hierarchy, opens new possibilities for analyzing the boundaries of algorithmic solvability and identifying intricate patterns in the behaviors of computable sets. For instance, computation without an oracle can be interpreted as computing on a computer not connected to a global network (the Internet), whereas computation with oracles corresponds to computing with Internet access, as is performed by modern artificial intelligences such as ChatGPT, DeepSeek, and others. These investigations allow not only the classification of computable objects but also an in-depth study of their internal organization, which is crucial for the construction of rigorous models of computational systems.
Of particular interest are minimal and principal numberings (minimal numberings being the simplest algorithms that solve local problems, and principal numberings representing universal machines capable of encompassing any computation necessary to solve a given task), as well as the density of the Rogers semilattice, which allows for the formalization of hierarchies and the structure of computability at a deeper level. Analyzing these properties provides an understanding of the limitations and capabilities of different classes of computable objects, offers tools for constructing universal and optimal data representations, and facilitates the development of efficient algorithmic structures.
In the context of mathematical and computational modelling, these results possess significant theoretical importance. They provide a formal foundation for constructing models of computational systems, analyzing complex algorithmic processes, optimizing data representations, and managing computational workflows. The study of the structure of the Rogers semilattice and its density creates opportunities for modelling the interactions of different computable objects and for developing simulations that account for the constraints and hierarchy of computability.
Thus, the investigation of generalized numberings and their properties, taking into account various oracles and the structure of the Rogers semilattice, represents a relevant and highly sought-after direction in contemporary mathematics and the mathematical modelling of computational processes. This work combines a profound theoretical foundation with the potential for practical application in mathematical and computational modelling, making a significant contribution to the development of methods for analyzing, classifying, and optimizing algorithmic processes.
Theoretical and practical significance.
The work has a theoretical character, the results of which can be used in further studies on the theory of computability, constructive models, and theories of numbering.
Oracle computations represent an interesting approach in information technology, where an oracle is a source of information capable of answering specific questions that go beyond computational possibilities. Such computational models help to understand how additional information (coming from an oracle) can influence the efficiency and complexity of algorithms. With the help of oracles, it is possible to explore how a computational class changes in the presence of certain knowledge. Thus, oracle computations allow us to investigate the boundaries of computational possibilities and formalize theoretical aspects that may have practical applications in the field of information technology.
The Rogers semilattice serves as a mathematical model for the complexity structure of algorithms solving a single task. Comparing enumeration complexities allows for the development of more efficient algorithms for data processing and computational optimization. This is essential for building systems that work with large volumes of information.
Thesis objective. 
Study the properties of generalized Rogers semilattices (such as the existence of a universal object, minimal degrees, and minimal coverings for various degrees) using fixed oracles (such as hyperimmune, hyperimmune-free, and oracles no lower than the halting problem) for various families of sets and functions (for example, effectively discrete families and families of all computably enumerable linear preorders). 
General methodology of research.
The work uses methods from computability theory and numbering theory. Step-by-step constructions are used to construct computably enumerable sets and linear preorders, where the priority method with finite violations plays an important role.
Dissertation work novelty.
Research on computable numberings using oracles represents a promising direction in the theory of computation. This area focuses on how the presence of oracles can change the properties and complexity of computable numberings. The novelty of this research lies in its ability to reveal new complexity classes, improve algorithms, and open new perspectives in the field of computation theory and information technology.
Publications. The findings of this thesis have been published in six scientific works [75-80]. Two articles appeared in the journals Algebra and Logic [75] and KazNU Bulletin [76], while one thesis was published in Bulletin of Symbolic Logic [77]. Additionally, one article was published in a journal recommended by the Science and Higher Education Quality Assurance Committee of the Ministry of Science and Higher Education of the Republic of Kazakhstan [78], and two abstracts were included in the proceedings of international conferences [80, 81].
The main results were also presented at the international conference Mal’tsev Meeting-2021 (Novosibirsk, Russia), as well as at the regular scientific seminar on the Theory of Computability at the School of Applied Mathematics, Kazakh-British Technical University (2019-2026, Almaty, Kazakhstan), and at the IMS Graduate Summer School in Logic at the National University of Singapore (2022, 2025, Singapore). In addition, the results were presented at a pre-defense scientific seminar and at the meeting of the School of Applied Mathematics, Kazakh-British Technical University.
Structure and Scope of the Thesis: The thesis spans 61 pages and consists of an introduction, five sections, a conclusion, and a list of references.
Main content.
Section 1 introduces fundamental concepts from computability theory and numbering theory. 
Section 2 investigates the properties of universal numberings for -computable families of total functions. Subsection 2.1 focuses on the existence of -computable universal numberings for finite -computable families of total functions, while Subsection 2.2 deals with the existence of such numberings for infinite -computable families.
The key results of Section 2 are presented in the form of the following theorems.
Theorem 2.2.3 [77, 79] There exists an infinite -computable family  of total functions, where the Turing degree of the set  is hyperimmune-free, such that  has an -computable principal numbering.
Proposition 2.2.1 [75] Let the Turing degree of the set  be hyperimmune-free. If  is an infinite -computable -effectively discrete family of total functions, then the family  has a universal -computable numbering. 
In Section 3, we study various aspects of minimal numberings associated with A-computable families of total functions. Subsection 3.1 examines the number of Friedberg numberings and introduces the concept of an infinite A-effectively discrete family  of total functions. It is shown that when the oracle  is non-computable, every such family  admits infinitely many pairwise incomparable -computable Friedberg numberings. Subsection 3.2 presents a new result establishing a link between the existence of -computable, positive undecidable numberings and structural properties of the Turing degree of the set . 
The main findings of Section 3 are formulated in the lemmas and theorems below:
Lemma 3.1.1 [82] Let  be an infinite -computable family of total functions, where  is an arbitrary set. Then  has an -computable Friedberg numbering. 
Lemma 3.1.2 [82] For every hyperimmune set  there exists a non-computable -computable set .
Theorem 3.1.1 [82] Let  be an infinite -computable family of total functions, where  is a hyperimmune set. Then  has infinitely many pairwise non-equivalent -computable Friedberg numberings. 
Lemma 3.1.3 [75] If  is an infinite -computable -effectively discrete family, then  has an -computable Friedberg numbering. 
Theorem 3.1.2 [75] Let  be a non-computable set and let  be an -computable family. If a family  has an -computable Friedberg numbering, then  has infinitely many pairwise incomparable -computable Friedberg numberings.
Theorem 3.2.1 [75] Let  be an arbitrary set. The following statements are equivalent:
(1) There is a c.e. non-computable set  such that .
(2) For all families , the following holds: if  has an -computable Friedberg
numbering, then  has infinitely many positive undecidable -computable numberings.
In Section 4, we analyze the conditions under which minimal covers exist. For an oracle , we provide a construction of an -computable family  with the property that every -computable numbering of  admits a minimal cover. Moreover, the family  does not meet the previously known sufficient conditions for the existence of minimal covers described in [83]. 
Theorem 4.3 [75] Let . There exists an -computable family  such that every  satisfies the following: 
(i)  does not have an -computable diagonal function;
(ii) there is a numbering  such that  is a minimal cover for .
Lemma 4.1 [75] If , then any two -computable numberings  and  of the family  are equivalent with respect to . 
Lemma 4.2 [75] If  is an -computable numbering of the family , then  does not have an -computable diagonal function. 
Lemma 4.3 [75] If , then  and .
Section 5 investigates numberings for the family Celps containing all positive linear preorders. 
Theorem 5.3 [75] Let be an arbitrary oracle. The family of all positive linear preorders  has an -computable numbering if and only if . 
Proposition 5.2 [75]. Let  be a computable family of binary relations satisfying the conditions of Theorem 5.4. Then  contains infinitely many pairwise incomparable Friedberg numberings.  
Proposition 5.3 [75]. Let  be a computable family of binary relations satisfying the conditions of Theorem 5.4. Then  contains infinitely many pairwise incomparable positive undecidable numberings. 
Proposition 5.4 [75] The family   has a computable numbering.
Lemma 5.1 [75] The value  is defined if and only if .
Corollary 5.1 [75] The family  has infinitely many pairwise incomparable computable, minimal nonpositive numberings. 
Corollary 5.2 [75] The family   has infinitely many pairwise incomparable computable numberings such that their lower cones do not contain minimal computable numberings. 
Theorem 5.7 [78] Let  be an arbitrary set. The family of all positive linear preorders  has an -computable numbering if .
Theorem 5.8 [78] If  then there is no subfamily  of  and -computable numbering  for the family  such that for any recursive order  there is  such that .	
Corollary 5.3 [78] There is no -computable numbering for the family  if .
Corollary 5.4 [78] There is no -computable numbering  for any subfamily  satisfying the condition (5.2).
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We outline some basic background from computability theory, concentrating on computably enumerable sets and degree structures, following [84].
Definition 1.1 A set  is called computable if its characteristic function  is computable. In other words, a set  is computable when there exists an effective procedure that, for every input , decides whether  belongs to .
A basic example of a computable set is the set of all natural numbers. More generally, every finite subset of the natural numbers, as well as every co-finite subset, is computable. Moreover, computability is closed under complementation: if a set is computable, then its complement is also computable.
Definition 1.2 A set  is called computably enumerable (c.e.) if there exists an effective process that is capable of generating all elements of .
Formally, a set  is computably enumerable (c.e.) if it coincides with the domain (or, equivalently, the range) of some partial computable function. In particular, the -th computably enumerable set is defined by 



Here,  denotes the partial function computed by the -th Turing machine.
Intuitively, a computably enumerable set is a set of natural numbers whose elements can be produced one by one by a computer program, with each element appearing after a finite amount of time. 
Computably enumerable sets arise naturally in many areas of mathematics. The existence of noncomputable c.e. sets, such as the halting set , plays a central role in undecidability results. Notable examples include the Davis-Matiyasevich-Putnam-Robinson resolution to Hilbert’s tenth problem and the Boone-Novikov theorem on the unsolvability of the word problem for finitely presented groups.
Definition 1.3 Let
.
Equivalently, 
The halting problem asks whether, given program  and input , the computation of  on input  eventually terminates. In formal terms, the problem concerns deciding whether the computation  converges.
Definition 1.4 (i) A set  is said to be many-one reducible to a set , written  if there exists a computable function  such that for every element ,


(ii) A set  is one-one reducible to a set , denoted  if  via a computable function that is injective.

It is straightforward to verify that both relations  and  are reflexive and transitive. These properties give rise to the following equivalence relations.
Definition 1.5 (i)  if and only if  and .

(ii)  if and only if  and .

(iii) The many-one degree of a set  is defined as
.

(iv) The one-one degree of a set  is defined as
.

The equivalence classes induced by  and  are referred to as the many-one degrees and one-one degrees, respectively.
Definition 1.6 For sets  and , their join, denoted by , is defined as

.

Recall that a set  is computably enumerable if it arises as the domain of a partial computable function. We now show that this formal definition coincides with the more intuitive description of c.e. sets as those whose elements can be generated by an effective algorithm. 
Definition 1.7 (i) A set  is said to be a projection of a relation  if there exists an element  such that .
(ii) A set  belongs to the class  if it can be expressed as the projection of a computable relation . The notation  reflects the fact that the defining predicate for  consists of a single existential quantifier followed by a computable condition. 
More generally, the classes  and , for , will be introduced formally later. In the literature, these are often written as , , and , to distinguish them from their counterparts in the analytical hierarchy, where quantification over functions is allowed [69, 84].
Definition 1.8 A function  is said to dominate a function  if the inequality

holds for all but finitely many natural numbers .
Definition 1.9 (i) Let  be a finite set with . The canonical index associated with  is defined by
.

The finite set with canonical index  is denoted as , and the empty set corresponds to .

(ii) A sequence  where  is a computable function, is called a recursive sequence, or equivalently, a strong array of finite sets.

Informally, a set  is said to be computable relative to a set , written , if there exists an algorithm that can decide membership in  when provided with answers to membership questions about . For example, if  via a computable function , then membership in  is determined by whether  belongs to .
Although many-one reducibility provides a natural and easily understood notion of reducibility, it is often too restrictive. Indeed, for any set , its complement  is trivially computable relative to , whereas no noncomputable computably enumerable set is many-one reducible to .
An oracle Turing machine is a Turing machine equipped with an additional read-only tape, called the oracle tape, which encodes the characteristic function of a fixed set . The contents of this tape cannot be modified during computation, while the remaining tapes behave as in an ordinary Turing machine.
Definition 1.10 (i) A partial function  is said to be Turing computable relative to a set , written , if there exists a program  such that, when the oracle tape contains , the machine computes . That is, for every input  and output ,

if and only if  halts on input  and produces output . In this case, we write , or equivalently . If the computation does not halt on input , we say that  diverges.

(ii) This notion is extended to total functions by treating them as oracles: if  is the graph of the function , then  is defined to be .

Theorem 1.1 A partial function  is considered -partial computable if and only if  is -Turing computable.
The alignment of these formal definitions, along with many others, supports the relativized form of Church’s thesis, which states that a function  is -partial computable if and only if  is intuitively computable within . Moving forward, we will rely on Church’s Thesis and will use the terms “-partial computable,” “-Turing computable,” and “-computable” interchangeably.
Definition 1.11 (i) Two sets  and  are said to be Turing equivalent, written  if each is Turing reducible to the other, that is,  and . Since Turing reducibility is reflexive and transitive, this relation defines an equivalence relation.

(ii) The Turing degree, also known as the degree of unsolvability, of a set  is the equivalence class
.

(iii) For any set  and , the degree of their join satisfies 
.

(iv) Degrees are typically denoted by lowercase boldface letters   while the collection of all Turing degrees is denoted .

(v) The class  is partially ordered by Turing reducibility: for degrees  and , we write: 
 if and only if  
Moreover,  holds when  but .

(vi) A degree  is called computably enumerable if it contains at least one computably enumerable set. The class of computably enumerable degrees is denoted by  and inherits the ordering induced by .

(vii) A degree  is said to be computably enumerable in a degree  if  contains a set  that is computably enumerable relative to some set .

Intuitively, sets belonging to the same Turing degree encode the same amount of computational information and are therefore equally difficult to compute. If , then sets of degree  are strictly more complex than those of degree . Furthermore, the degree  serves as the least upper bound of  and  with respect to this ordering. As a result, the structure  forms an upper semilattice. However, greatest lower bounds need not exist, even within the class of computably enumerable degrees. Consequently, neither  nor  is a complete lattice.
Definition 1.12 (i) For a set , define
.
This set is called the Turing jump of  and is denoted by .
(ii) The -th jump of a set , written , is obtained by iterating the jump operation. The process starts with , and for each ,
.
Theorem 1.2 (Jump theorem) Let  be sets.
 (i) The jump  is computably enumerable relative to  itself.

(ii) The jump strictly increases computational strength .

(iii) A set  is computably enumerable in  if and only if .

(iv) If a set  is computably enumerable in  and  then  is computably enumerable in .

(v)  if and only if .

(vi) Turing equivalent sets have equivalent jumps: if , then  and consequently .

(vii) A set  is computably enumerable in  if and only if it is computably enumerable in the complement of .

For a degree , define its jump by , where . The jump operation strictly raises degrees: in particular, , and moreover  is computably enumerable relative to . A fundamental result shows that the jump operation is well defined on Turing degrees, meaning that the definition of  does not depend on the choice of representative .
We write 

which gives rise to an infinite increasing hierarchy of degrees:
.

The lowest degrees in this hierarchy are of particular importance, as they correspond to well-known undecidable problems.
Specifically,

;

, where ;

;

.

By definition, the degree  is the least element of the degree structure and consists exactly of the computable sets. The degree  corresponds to the degree of the halting problem and is also equal to the degree of the set  since .
The arithmetical hierarchy should not be confused with the hierarchy of Turing degrees. Rather than measuring computational power, it classifies sets according to the complexity of the quantifiers appearing in their arithmetical definitions. Throughout this work, we write  and  instead of  and , respectively.
Definition 1.13 (i) A set  belongs to the class  (equivalently ) if and only if  is computable.

(ii) For , a set  is in  if there exists a computable relation  such that



where the final quantifier  is existential when  is odd and universal when  is even. Similarly, a set  is in  if membership can be expressed in the form



where the parity of  again determines whether the last quantifier  is existential or universal.

(iii) A set  is said to be in  if it belongs to both  and .

(iv) A set is called arithmetical if it lies in some level of the arithmetical hierarchy, that is,
.

Equivalently, a set is arithmetical precisely when it can be obtained from a computable relation by applying projection and complementation finitely many times.
Theorem 1.3 (i) A set  is in  if and only if its complement  lies in .

(ii) Membership in a given level of the hierarchy is preserved upward: if  (or ), then for every ,
.

(iii) The classes  and  are closed under finite unions and intersections. In particular, if  (respectively, ), then both  and  also belong to  (respectively, ).

(iv) If , , and  then .

(v) The class  is downward closed under many-one reducibility: if  and , then .

(vi) Suppose  (or ), and define sets  and  by

,

and

.

Then . 
Clause (vi) expresses the fact that bounded quantifiers can be moved across unbounded quantifiers without increasing quantifier complexity.
Finally, a set  is called -complete (respectively -complete) if  and  for every .
The arithmetical hierarchy classifies sets according to the syntactic complexity of their definitions, while Turing reducibility and the jump operation measure computational power in terms of relative computability. At first glance, these two approaches describe different aspects of complexity. A natural question therefore arises: how are levels of definability in the arithmetical hierarchy related to degrees of unsolvability and to the jump operator? Post’s Theorem answers this question by establishing a precise correspondence between quantifier complexity and computability relative to iterated jumps.

Theorem 1.4 (Post’s Theorem) Let ,

(i) A set  belongs to the class  if and only if it is computably enumerable relative to some  set. Equivalently,  is computably enumerable in some  set. 

(ii) For every , the -th Turing jump of the empty set, , is -complete.

(iii) A set  is in  precisely when it is computably enumerable relative to .

(iv) A set  lies in  if and only if it is Turing reducible to .

Post’s Theorem provides a precise connection between the arithmetical hierarchy and relative computability. It shows that increasing the number of alternations of quantifiers in a definition corresponds exactly to allowing computable numberings relative to higher Turing jumps. In this sense, the hierarchy  can be viewed not only as a syntactic classification, but also as a hierarchy of increasing computational power.
In particular, the theorem explains why the jump operation plays a central role in computability theory: the -th jump  captures the full computational strength of the class . As a result, questions about definability at a given level of the arithmetical hierarchy can often be translated into questions about relative computability with respect to suitable jumps.
The relativized version of Post’s Theorem further emphasizes the robustness of this correspondence. By replacing absolute computability with computability relative to an oracle , the same structural relationships persist. This shows that the interaction between quantifier complexity and Turing reducibility is not accidental, but rather a fundamental feature of computability theory.
Corollary (Hierarchy theorem). For every ,  and .
Thus, at each level of the arithmetical hierarchy, the class  is strictly contained in both  and .

The relativized arithmetical classes  and  are defined analogously to  and , with the sole modification that the defining relation  is computable relative to the oracle , rather than computable in the absolute sense.
If , the notation  is used instead of , since the class  depends only on the Turing degree of  and not on the particular representative chosen from that degree.
Most fundamental results concerning the arithmetical hierarchy admit relativized versions. These are obtained by uniformly replacing , , and  with , , and , respectively, while preserving the structure of the original proofs.

Theorem 1.5 (Relativized Post’s Theorem) Let .

(i) A set  belongs to  if and only if it is computably enumerable relative to some  set. Equivalently,  is computably enumerable in some  set.

(ii) For , the -th jump  is -complete.

(iii) A set  is in  precisely when it is computably enumerable relative to .
(iv) A set  lies in

if and only if  is Turing reducible to .
In his foundational paper [86], Post simplified the formalism surrounding the development of computable functions from the 1930’s, presenting the core properties of computably enumerable (c.e.) sets and their relevance to Gödel’s Incompleteness Theorem in a clear, informal way. He further sought to categorize the c.e. sets and their degrees. Post raised what became known as “Post’s problem,” questioning whether there are more than two computably enumerable (c.e.) degrees. In his efforts to address this question, he introduced different categories of simple sets. However, attempts to affirmatively resolve Post’s problem by identifying a simplicity-like property that would guarantee incompleteness were unsuccessful. Meanwhile, in [87] Kleene and Post expanded the focus to study the upper semilattice of Turing degrees more broadly, beyond just the c.e. degrees. They employed diagonal arguments along with oracle constructions (noncomputable methods) to demonstrate the existence of incomparable degrees below . Friedberg [88] and Muchnik [89], working independently, resolved Post’s problem by developing the finite injury priority method. This approach, which is a more refined and effective version of the Kleene-Post method, requires a computable construction to produce computably enumerable degrees.
The only c.e. degrees constructed so far are  and . Post’s Problem aimed to construct other c.e. degrees by finding a c.e. set  such that . To achieve this, Post’s Program involved designing a set  with certain properties that would ensure it was noncomputable and incomplete (i.e., , where  is the halting problem set). 
Recall that  (and any creative set) contains an infinite c.e. set (and in fact, infinitely many such sets) in its complement. Post’s strategy to keep  incomplete was to make  sufficiently “thin” in terms of containing c.e. sets. This would prevent  from being Turing reducible to .
Definition 1.14 (i) An infinite set is called immune if it does not contain any infinite computably enumerable subset.
(ii) A computably enumerable set  is said to be simple if its complement  is immune.

Proposition 1.1 If  is a simple set, then:
(i)  is noncomputable;

(ii)  is not creative;

(iii)  is not -complete, that is, .

Proof: (i) If  were computably enumerable, then it would trivially contain an infinite c.e. subset, contradicting immunity. (ii) The complement of any creative set necessarily includes an infinite c.e. subset, which again contradicts the definition of simplicity. (iii) If , then  would be creative, which is impossible by (ii).

Theorem 1.6 (Post) There exists a simple set.
Definition 1.15 A simple set  is effectively simple if there exists a computable function  such that 



The simple set constructed by Post is, in fact, effectively simple. In this construction one may take , since any computably enumerable set  is contained in the finite set .
Post showed that simple sets are necessarily -incomplete and remain incomplete even with respect to bounded truth-table reducibility. At the same time, he observed that simplicity does not prevent a set from being Turing complete. Motivated by these observations, Post introduced stronger notions of simplicity by imposing additional restrictions on the structure of the complement. This led to the concepts of hypersimple and hyperhypersimple sets. Although these notions did not resolve Post’s original problem, they later proved to be highly informative in the study of noncomputable c.e. sets and the relationship between a c.e. set and its Turing degree.
Definition 1.16 An array is a computably enumerable set of finite sets indexed by natural numbers. If the indices are canonical, the array is called strong. If the finite sets are pairwise disjoint, the array is called disjoint. Thus, an infinite disjoint strong array has the form , where  is computable and  whenever .
Definition 1.17 A set  is hyperimmune (or h-immune) if there is no disjoint strong array  such that  for all .
As the terminology suggests, hyperimmunity is strictly stronger than immunity. Indeed, if a computably enumerable set  is infinite, then its elements can be arranged into a disjoint strong array intersecting , showing that hyperimmune sets must be immune. 
The notion of hyperimmunity originates in Post’s program aimed at constructing incomplete c.e. sets for various reducibility notions. Simple sets address this program for many-one reducibility, while hypersimple (or h-simple) sets do so for weaker reducibilities such as truth-table reducibility, though not for Turing reducibility. Nevertheless, hyperimmune sets play a central role in computability theory, particularly due to their close connection with domination properties of functions.
The concepts of h-simplicity and hh-simplicity focus on describing the structure of the complement  using disjoint computably enumerable arrays of finite sets , rather than specifying explicit infinite c.e. subsets. Each finite set  contains at least one element of , though this element cannot be effectively identified. In the case of strong arrays, all elements of  and its maximum can be effectively computed, whereas for weak arrays only enumeration is possible. 
Definition 1.18 A function  majorizes a function  if  for all . It dominates  if this inequality holds for all but finitely many . A function  is computably dominated if it is dominated by some computable function.
Definition 1.19 For an infinite set , the function  is called the principal function of .
Definition 1.20 A function  majorizes (dominates) an infinite set  if  majorizes (dominates) . Similarly,  majorizes (dominates)  if  does.
Theorem 1.7 (Kuznecov, Medvedev, Uspencky) An infinite set  is hyperimmune if and only if there exists no computable function that majorizes .
Corollary 1.1 A coinfinite computably enumerable set  is hypersimple if and only if the complement  is not majorized by any computable function.
It is worth emphasizing that Post’s original simple set  fails to be hypersimple. Indeed, its complement  is majorized by the computable function . On the other hand, if  is a computably enumerable set whose principal function dominates every computable function, then  must be simple and necessarily has a high Turing degree. This observation follows from the fact that hypersimple sets occur in every nonzero computably enumerable degree. 
Theorem 1.8 (Dekker [90]). For every noncomputable computably enumerable set , there exists a hypersimple set  such that .
Theorem 1.9 (Miller and Martin [91]). A Turing degree  is said to be hyperimmune if it contains a hyperimmune set; otherwise, it is hyperimmune-free. The following properties hold:

· if  is hyperimmune and  then  is also hyperimmune;

· a degree  is hyperimmune if and only if it computes a function that is not majorized by any computable function;

· if there exists a degree  such that , then  is hyperimmune;
· 
· every nonzero degree that is comparable with  is hyperimmune.

A more fundamental question than Post’s problem is whether there exists any degree (not necessarily computably enumerable) between  and . Kleene and Post [86] provided a positive answer by constructing Turing incomparable sets  and  such that  and . Their approach involved replacing a complex condition  with an infinite sequence of simpler conditions known as requirements, denoted as ,  where each  asserts that . The characteristic functions of  and  are built through a sequence of stages, where , . At each stage  the partial function  and  are defined in such a way that they fulfil a specific requirement. Requirements are prioritized based on their sequence in the previous listing, and once a requirement is addressed and fulfilled at a certain stage , it remains fulfilled indefinitely (namely, it is never later injured.) These reasoning methods are often referred to as “diagonal”, “wait and see”, “initial segment”, or “Kleene-Post” arguments, to distunguish them from finite injury priority arguments. In finite injury priority arguments, satisfying a requirement  at stage  can be compromised later by action taken to satisfy a higher priority requirement  (where ), necessitating a restart in efforts to fulfill . 
A positive solution to Post’s problem was eventually obtained by Friedberg [88] and independently by Muchnik [89]. Their approach is based on a priority construction in which a computably enumerable set  is built in stages so as to satisfy a countable collection of requirements ​. Each requirement ensures that  avoids being computable while simultaneously preventing it from being complete, and the construction carefully resolves conflicts between requirements according to a fixed priority ordering.
Definition 1.21 A computably enumerable set  is called maximal if its equivalence class  is a coatom of the lattice . Equivalently,  is maximal if its complement  is infinite and there is no computably enumerable set  such that both  and .
Myhill [92] was the first to propose investigating the lattices  and , posing the question of whether maximal elements exist within . Friedberg [15] later addressed this by constructing a maximal set, or a co-atom of . This breakthrough was significant for multiple reasons. Post had previously introduced the concept of hh-simplicity but had been unable to construct a hyperhypersimple set. Since maximal sets are inherently hyperhypersimple, Friedberg’s construction provided the first (and still simplest) demonstration of the existence of an hh-simple set. Moreover, the construction can easily be adapted to ensure the maximal set is Turing complete. The fact that maximal sets have the “thinnest” possible complements among c.e. sets undermines Post’s aim of identifying a “thinness” property of the complement  of a c.e. set  that would imply  is incomplete. 
Definition 1.22 An infinite set  is said to be cohesive if for every computably enumerable set , at least one of the intersections  or  is infinite.
By this definition, a computably enumerable set  is maximal if and only if its complement  is cohesive.
Theorem 1.10 (Friedberg [88]). There exists a maximal computably enumerable set.
Proof (sketch): It is enough to construct a computably enumerable set  whose complement satisfies two types of requirements. First, to guarantee that  is infinite, we impose for each  the requirement


Second, to ensure cohesiveness of , we require that for every computably enumerable set , the complement  is almost entirely contained either in  or in its complement. Formally, for each  we require


Meeting all these requirements guarantees that  is infinite and cohesive, and hence that  is maximal. The construction proceeds by a priority argument that resolves potential conflicts between requirements while preserving computable enumerability.
One effective method used in algorithm theory and mathematical logic is the application of appropriate numbering, which reduces abstract concepts to natural numbers and computable functions. Numbering involves assigning natural numbers to various constructive objects, such as formulas, graphs, matrices, words, etc. This allows for the study of the algorithmic properties of these abstract objects by encoding information about them and analyzing their relationships through the properties of their numerical indices. For instance, in graph theory, graphs can be represented by numbers, and relationships between graphs can be defined using arithmetic operations on their corresponding numerical representations.
Definition 1.23 A numbering of a nonempty set  is a mapping  such that every element of  appears as a value of . In other words,  is a surjection from the set of natural numbers onto .
Once we have two numberings of the same family, we can compare the complexity of these numberings by defining a relation known as the reducibility relation. This concept of reducibility is a traditional method for assessing the complexity of various numberings. Let  and  be two numberings of a set .
Definition 1.24 Let  and  be numberings of a set . The numbering  is said to be reducible to , written , if there exists a computable function  such that  for all . The numberings  and  are equivalent, denoted , if each is reducible to the other.
Intuitively, reducibility means that an index for an element of  with respect to  can be effectively transformed into an index for the same element with respect to . This notion naturally induces a preorder on the class of all numberings of .
Definition 1.25 Every numbering  determines an equivalence relation  on  defined by:



Definition 1.26 A numbering  is called decidable, positive, or negative if the relation  is, respectively, computable, computably enumerable, or co-computably enumerable.
It follows immediately that equivalent numberings share the same decidability properties. Moreover, any decidable numbering of an infinite family is equivalent to a one-to-one (single-valued) numbering [10, 11].
Now let  be a family of objects and suppose that only those elements of  admitting an effective description are of interest. Fix a formal language  together with an interpretation given by a partial surjective mapping . Each formula in the preimage  is regarded as a description of the object .
We also fix a Gödel numbering  of the language .
Definition 1.27 A numbering  is called a computable numbering of  (with respect to the language interpretation ) if there exists a computable function  such that  for all .
This definition specializes naturally to families  of partial computable functions. Taking  to be the language of Turing machines and letting  denote the partial function computed by a machine , a numbering  is computable if and only if there exists a partial computable function  such that, for every , the function  coincides with  [11, 14].

For a fixed language  and an interpretation , let  denote the class of all computable numberings of . The equivalence relation  partitions this class into equivalence classes, and the reducibility relation  induces a partial order on the quotient set , which we denote again by . 
Given , define the join  by



If  and  denote the equivalence classes of  and , then  is the least upper bound of  and  in the partially ordered set . Consequently, the ordered set  forms an upper semilattice. Let  and  denote the partially ordered sets  and , respectively. Both  and  are upper semilattices.
Recall that an upper semilattice is a partially ordered set in which every pair of elements has a least upper bound. A classical example is the family of all subsets of a given set ordered by inclusion, where the join operation is given by set-theoretic union. 
Definition 1.28 The semilattice  is the Rogers semilattice of the family  with respect to the language  and the interpretation .
The Rogers semilattice  captures the algorithmic complexity of computations with the set  as a whole. Issues in the theory of computable numberings primarily focus on the algebraic and elementary properties of these Rogers semilattices.
We focus on problems related to computable numberings within well-established hierarchies of sets, specifically Ershov's difference hierarchy [16, 17, 19] and the arithmetical and analytical hierarchies [73]. To begin, we will closely examine the method developed by Goncharov and Sorbi concerning the concept of computability for families of sets in any class  or  within the arithmetical hierarchy.
We consider arithmetic formulas in the signature  as the language . Let  represent the standard model of arithmetic. For any , let  denote an arithmetic term representing , i.e., the term , where the symbol  appears  times. If  is a tuple of natural numbers, then  is the tuple of corresponding terms.
It is known [73] that a set  belongs to the class  if and only if there exists an arithmetic formula  such that , and the prenex normal form of  begins with an existential quantifier and contains at most  alternating groups of similar quantifiers.
Let the arithmetic formula with Gödel number  be denoted by , where  are all the free variables of . (A specific numbering of arithmetic formulas is suggested in [24].) A formula is called a -formula (or -formula) if its prenex normal form begins with an existential quantifier (or a universal quantifier, respectively) and contains at most  alternating groups of similar quantifiers. We regard -formulas (or -formulas) of arithmetic as a language  (or ) for describing  (or ) subsets of . Let  be a family of  (or ) subsets of , and let  be a numbering of .
Definition 1.29 A numbering  of  is called  (or )-computable if there exists a computable function  such that, for any , , where  is a  (or ) – formula with Gödel number . 
Definition 1.29 follows from Definition 1.27 if we choose an interpretation  of the language  is chosen such that



where  ranges over the family .
Theorem 1.11 (Goncharov, Sorbi [72]) Let  be a family of -subsets of , where . A numbering  is -computable if and only if the relation  belongs to the class .
This theorem may be regarded as a characterization and effectively a definition of -computability for numberings.
In a broad sense, many fundamental questions about numberings can be reformulated in terms of the algebraic structure of Rogers semilattices. Typical problems include:
· determining global algebraic features of Rogers semilattices, such as their cardinality, the nature of their order structure, and the existence of ideals, segments, or covers;
· identifying invariants, for example, the number of maximal or minimal elements, that allow one to distinguish between different Rogers semilattices;
· classifying numberings corresponding to special elements of Rogers semilattices, including extremal points, limit elements, and splitting elements.
Two central questions in this direction were formulated by Yu. L. Ershov [14], representing core problems concerning Rogers semilattices of computable families:
1. What are the possible cardinalities of a Rogers semilattice?
2. Can a Rogers semilattice form a lattice?
In their original form, these problems were answered by A. B. Khutoretsky [34] and V. L. Selivanov [39], respectively. In the setting of computable numberings of families of arithmetical sets, corresponding results were later obtained by Goncharov and Sorbi [72]. In all cases, it was shown that a Rogers semilattice is either trivial (consisting of a single element) or infinite, and that it never has the structure of a lattice.
Theorem 1.12 (Khutoretsky [34]) Let  be a family of computably enumerable sets. If the Rogers semilattice  contains more than one element, then it is infinite.
Khutoretsky further proved that, above any non-greatest element of a Rogers semilattice, one can embed a linearly ordered chain of type . Building on this, Badaev [48] showed that every nontrivial Rogers semilattice contains infinite chains, which can be arranged to pass through any chosen element that is neither minimal nor maximal.
Theorem 1.13 (Selivanov [39]) If  is a family of computably enumerable sets and  has at least two elements, then  is not a lattice.
Within the framework of the arithmetical hierarchy, both of Ershov’s questions were completely resolved by Goncharov and Sorbi [72]. Their approach relies on the correspondence between -computability and computability relative to the oracle .
Theorem 1.14 (Goncharov, Sorbi [72]) If  contains at least two elements, then the Rogers semilattice  is infinite and does not form a lattice.
For an infinite family , Badaev and Goncharov construct an infinite sequence of elements in  such that no two distinct elements admit a common lower bound. In the case of finite families, a useful observation is that any -computable family may also be regarded as -computable for any , where . This yields a natural embedding of the Rogers semilattice  into an ideal of .
The study of trivial Rogers semilattices led Mal’tsev to introduce the notion of effectively discrete families of computably enumerable sets in [16, 17]. Similar ideas were later extended by Ershov [93] to families of computable functions, and further generalized by V’jugin, who proposed the concept of weak effective discreteness [35]. 
Definition 1.30 A family  of computably enumerable sets is called discrete if there exists a family  of finite sets such that each  contains exactly one element of , and every  is contained in a unique member of . The family  is weakly effectively discrete if  can be chosen to be -computable, and effectively discrete if  admits a computably enumerable set of canonical indices.
Theorem 1.15 (Mal’tsev [16, 17]) If  is an effectively discrete family of computably enumerable sets, then all computable numberings of  are positive. In particular, the Rogers semilattice  consists of a single element.
The same conclusion holds for effectively discrete families of computable functions [93].
The exploration of -computable numberings builds upon earlier work on computable numberings of set families within specific levels of the arithmetical and hyperarithmetical hierarchies, addressing various fundamental problems (see, e.g., [72, 73, 94-104]). These numberings allow the sets in a given family to be enumerated uniformly through a computable procedure that utilizes an oracle corresponding to a particular level in the hierarchy.
In [72], Goncharov and Sorbi suggested studying computable numberings of families of sets that are computably enumerable relative to an arbitrary oracle . An -computable numbering is defined as a sequence of sets that can be uniformly enumerated with respect to the oracle A.
Definition 1.31 Let  be any set of natural numbers and  a family of -c.e. sets. A numbering  is called -computable if the universal set  is c.e. relative to .
The notion of reducibility naturally extends to -computable numberings:
Definition 1.32 A numbering  is said to be -reducible to  if there is an -computable function  such that  for all . If  and  are reducible to each other in this way, they are called -equivalent.
Definition 1.33 Let  be an -computable family. An -computable numbering  of the family  is universal if every  is reducible to  using .
The study of minimal numberings began with the classical theorem of Friedberg [15], showing that a one-to-one computable numbering exists for the family  of all c.e. sets. Pour-El and Putnam in [22] provided an example of a family of c.e. sets that does not admit a computable one-to-one numbering:



where  is a creative set.
Comparing Gödel numberings of  as considered by Rogers [14] with one-to-one numberings studied by Friedberg, Pour-El [20] observed that:
· one-to-one numberings are not equivalent to Gödel numberings,
· one-to-one numberings generate minimal elements in the semilattice ,
· there exist at least two distinct minimal elements in  derived from one-to-one numberings.
These computable one-to-one numberings are now often called Friedberg numberings.
Definition 1.34 A numbering  of a set  is minimal if  implies  for every numbering  of .
The algebraic properties of Rogers semilattices were first explored by Badaev and Goncharov [93], especially in the general case where -computability coincides with classical computability, and -computability () is considered more general. Their work identified several algebraic features of these semilattices, including sufficient conditions for the existence of minimal coverings. The issue of minimal coverings was originally addressed by Lachlan [30], who demonstrated that within the semilattice of computably enumerable -degrees (isomorphic to the semilattice of computable numberings of ) every non-maximal -degree possesses a minimal covering. Subsequent research [105-107] extended these results to a broader context within Rogers semilattices.
Definition 1.35 If  and  are -computable numberings, then  is a minimal covering of  if , , and for any  satisfying  we have  or .
Definition 1.36 A numbering  is a strong minimal covering of  if , , and for every  with , it holds that  or .
Clearly, every strong minimal covering is also a minimal covering.
Definition 1.37 If  is a minimal (or strong minimal) covering of , then the element  of the Rogers semilattice is called a minimal (or strong minimal) covering of . 
For a non-zero natural number , working with the oracle  uses the following terminology:
· -computable numberings are referred to as -computable;
· For a -computable family , we write  for , and  for .
Definition 1.38 For , ,  is limit reducible to  () if there exists a -computable function  such that . A numbering  is -universal if every  satisfies .
Definition 1.39 For a numbering  of the family , a total function  is called a diagonal function if  for all .
The notions introduced above establish the foundational framework required for the study of computable numberings and oracle-based computability. Concepts such as computably enumerable sets, reducibility, degree structures, and oracle computations allow for a precise comparison of computational content across different settings.
This framework is essential for analyzing computable numberings relative to different families of oracles. It provides the tools needed to investigate how oracle access affects the structure of numberings and the associated algebraic properties. The subsequent chapters build on these foundations to explore relativized numberings and their behavior under varying oracle assumptions.
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[bookmark: _Toc230099316]2.1 Universal numberings for finite families 
In the classical setting, it has been established that any finite family of computably enumerable sets has a universal computable numbering [108]. In addition, work [96] provides a criterion for the existence of a universal numbering in the case of finite families of -computably enumerable sets satisfying .
Theorem 2.1.1 (Badaev, Goncharov [97]) For every  such that , a finite family  of -c.e. sets has an -computable universal numbering if and only if  contains the least set under inclusion.
There they also posed two questions about the validity of Theorem 2.1.1 for finite families of sets: if ?. And if  is Turing incomparable with ?
In [109] they demonstrated that the restrictions imposed on the oracle  in Theorem 2.1.1 can be eliminated by using an alternative proof.
Theorem 2.1.2 (Badaev, Issakhov [109, 110]) For every , each finite family of -c.e. sets that contains the least set under inclusion has an -computable universal numbering.
In view of this result, Faizrakhmanov proved in work [101] that an analog of Theorem 2.1.1 holds whenever the oracle is Turing comparable to .
Theorem 2.1.3 (Faizrakhmanov [101]) If  is a hyperimmune set, then any finite -computable family  which does not contain a least set under inclusion will not have a universal -computable numbering.
Faizrakhmanov in his work [101], using the same approach to the study of generalized computable numberings as in [97], considered questions about the properties of universal numberings computable with respect to hyperimmune oracles. He also showed that when , the existence of an -computable numbering does not necessarily require the presence of a least element under inclusion in a finite family. 
Theorem 2.1.4 (Faizrakhmanov [101]) If the Turing degree of a set  is hyperimmune-free, then every finite -computable family has a universal -computable numbering.
In paper [111] Issakhov investigated families of total functions computable relative to arbitrary oracles.
Theorem 2.1.5 (Issakhov [111]) Let  be a hyperimmune set. If an -computable family  of total contains at least two elements, then  has no universal -computable numbering.
Theorem 2.1.6 (Issakhov [111]) If the Turing degree of a set  is hyperimmune-free then every -computable finite family of total functions has an -computable universal numbering.
The theorems above illustrate that, for finite families of computably enumerable sets or total functions, the existence of a universal computable numbering strongly depends both on the properties of the oracle  and on the internal structure of the family. In the classical case, every finite family has a universal numbering, but when considering -computability, the situation becomes more nuanced. Often, the presence of a least element in the family ensures the existence of a universal numbering (Theorems 2.1.1 and 2.1.2), although in some cases, such as with hyperimmune-free oracles, this condition is not necessary (Theorem 2.1.4).
Several observations can be made: 
Family structure. The presence of a least element facilitates the construction of a universal numbering, as this element can serve as a "base" for generating or enumerating the other elements.
Oracle properties. The characteristics of the oracle , such as being hyperimmunity or hyperimmune-free may either restrict or enable the existence of universal numberings. Hyperimmune sets can prevent a universal numbering in families without a least element (Theorems 2.1.3 and 2.1.5), while hyperimmune-free sets guarantee its existence for any finite family (Theorems 2.1.4 and 2.1.6).
Turing comparability. The possibility of constructing a universal numbering also depends on whether the oracle is Turing-comparable with , reflecting a subtle interaction between the computational power of the oracle and the computability of the family.
Overall, the study of finite families provides insight into which family and oracle properties are critical for the existence of universal numberings and serves as a foundation for understanding more general cases.

[bookmark: _Toc230099317]2.2 Universal numbering for infinite families
Badaev and Goncharov [97] established that when , having a least set under inclusion is neither essential nor sufficient for guaranteeing that an infinite family of -c.e. sets can be assigned an -computable universal numbering.
Theorem 2.2.1 (Badaev, Goncharov [97]) For every set , there is an -computable family that contains the least set under inclusion but has no -computable universal numbering. 
Theorem 2.2.2 (Badaev, Goncharov [97]) For every set , there is an infinite -computable family  of sets with pairwise disjoint elements such that  has an -computable universal numbering.
Theorem 2.2.3 [77, 79] There exists an infinite -computable family  of total functions, where the Turing degree of the set  is hyperimmune-free, such that  has an -computable principal numbering.
Proof: Let’s recall that  is hyperimmune-free degree if and only if for any  there exists a computable function  such that 



for all .
Assume that the infinite -computable family  of total functions consists of only constant functions  where 



for all . Denote by  the -computable binary functions with index . Let  be an arbitrary -computable numbering of the family . Then there exists a number  such that 

.

Let 

.

From the construction of  it is easy to see that  is an -computable numbering of the family . Let’s show that  is a principal numbering of the family . 
Take any numbering  of the family  and let us show that . Since  is a numbering of the family , there exists a number  such that 



for any . 



 is an -computable total function, where Turing degree of the set  is hyperimmune-free. Therefore, there exists a computable function  such that  for any . It means that 



for all , i.e. 

.

Therefore . 
The theorem is proved.

An analysis of the proofs of Theorems 2.1.4 and 2.1.6 gives a generalization of these results [75]. The arguments proceed in a similar way [75].
Proposition 2.2.1 [75] Let the Turing degree of the set  be hyperimmune-free. If  is an infinite -computable -effectively discrete family of total functions, then the family  has a universal -computable numbering.
Proof: By Lemma 4.1 [75], there exists an -computable Friedberg numbering of the family . Let  be such a Friedberg numbering. We fix an -computable sequence  from the definition of an -effectively discrete family. We assume that  for all . 
We construct an -computable numbering  as follows: 



It is clear that  is an -computable numbering of the family .
Let  be an arbitrary -computable numbering of the family . We show that . Since  is a family of total functions, the value  is defined for any . Since  is an -computable numbering, the set



is -computably enumerable. Hence, the function  is a total 𝐴-computable function. We choose an index  such that 

.

It is known that  is a universal -computable numbering of the family of all partial -computable functions. This implies that there exists a computable function h such that for all , we have 

.

We define a function  as follows: 



Since  is a numbering of the family , the function  is total -computable. In addition,

.

The hyperimmune-freeness of  implies the existence of a computable function  satisfying 𝑔 for all . We conclude that 



for all . 
The proposition is proved.
Remark 2.2.1 [75] An analog of Proposition 2.2.1 also holds for any effectively discrete family of sets. 
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In numbering theory, minimal and universal numberings are of particular interest because they form extreme elements of the corresponding Rogers semilattices. For a comprehensive overview of unresolved questions regarding minimal numberings in the classical framework, we can refer to the survey by Badaev and Goncharov [57]. 
Any -computable numbering of a family  naturally generates a minimal element within the Rogers semilattice . Minimal numberings, including the special but crucial cases of Friedberg numberings and positive numberings, are of particular interest. Two main questions concerning minimal numberings were posed by Yu. L. Ershov in the late 1960s for the classical scenario.
Question 1. Identify structural conditions under which a family  has minimal -computable numberings.
Question 2. Determine which numbers can represent the cardinality of a family of minimal numberings.
For finite families, a unique minimal numbering always exists and is decidable, as established in [8, 11]. Hence, the investigation of minimal numberings becomes primarily relevant for infinite families. In [19], Mal’tsev posed Question 1 specifically for Friedberg numberings of families of c.e. sets. Lachlan later identified certain necessary structural conditions for such families to admit Friedberg numberings in [28, 29]. In addition, multiple sufficient structural conditions have been suggested by researchers including Ershov [8], Kummer [58, 59], Mal’tsev [19], and Pour-El and Howard [21]. More generally, for families that are not necessarily c.e., studies on both Friedberg and positive numberings remain in the early stages of development.

[bookmark: _Toc230099319]3.1 Friedberg numberings
This section discusses key questions about hyperimmune and -computable Friedberg numberings for families of total functions. 
Badaev and Goncharov [97] point out that many of the constructions from earlier studies, which used the jumps of the empty set as oracles, can be easily adapted to work with any oracle. Building on this insight, Issakhov explores the idea of computable numberings as a uniform way to enumerate functions relative to a general oracle, with a particular emphasis on the computable numberings of families of total functions.
Theorem 3.1.1 (Issakhov, [112-114]) Let  be an infinite -computable family of total functions. Then  has infinitely many pairwise non-equivalent Friedbergs numberings. 
Lemma 3.1.1 (Issakhov, [112-114]) Let  be an infinite -computable family of total functions. If  has a -computable numbering then  has a -computable Friedberg numbering. 
Lemma 3.1.2 (Issakhov, [112-114]) Let  be an infinite -computable family of total functions. If  has a -computable Friedberg numbering then  has infinitely many pairwise non-equivalent Friedberg numberings. 
Corollary 3.1.1 (Issakhov, [112-114]) Let  be an infinite -computable family of total functions, where . Then  has infinitely many pairwise nonequivalent -computable Friedberg numberings. 
Theorem 3.1.2 (Issakhov, [111, 112, 114]) There exist a family  and -computable numbering  of the family  such that no Friedberg numbering of  is reducible to . 
Lemma 3.1.3 (Issakhov, [111, 112, 114]) Let  be a numbering of an infinite family . The family  has a Friedberg numbering, which is reducible to  if and only if there exists a computably enumerable set  such that .
Corollary 3.1.2 (Issakhov, [111, 112, 114]) Let . Then there exist a family  and -computable numbering  of the family  such that no Friedberg numbering of  is reducible to .
Theorem 3.1.3 (Badaev, Issakhov [110]) Let  be an arbitrary set,  be an infinite -computable family of total functions, and  be -computable weakly -positive but not -positive numbering of . Then there is an -computable Friedberg numbering  of the family  which is not reducible to  via any -computable function.
Corollary 3.1.3 (Badaev, Issakhov [110]) Let  be an arbitrary set,  be an infinite -computable family of total functions. Then, up to -equivalence, if  has two -computable Friedberg numberings then  has infinitely many such numberings.
Corollary 3.1.4 (Badaev, Issakhov [110]) Let  be an arbitrary set,  be an infinite -computable family of total functions. Then, up to -equivalence,  has infinitely many -computable Friedberg numberings if and only if  has non-decidble an -computable numbering for which the index set of every function from  is -decidable. 
Lemma 3.1.4 [82] Let  be an infinite -computable family of total functions, where  is an arbitrary set. Then  has an -computable Friedberg numbering.
Proof: Let  be an arbitrary -computable numbering of the family , then there exists an -computable function  such that the functions coincide for any . 
The procedure for constructing the function  is carried out in steps: at the first step we put , which means that  will be the number of the first function in the numbering .
At step  we will look for the -number of a function which is different from those already found, comparing the following functions simultaneously



Thus, we assign the function  to the -numbers of pairwise distinct functions .
Obviously, the function  will be a  function, and since the function  is -computable, the comparison of a finite number of given functions on a finite number of arguments is also -computable. Consequently, the function  is also -computable. 
Then the numbering  will be an -computable Friedberg numbering of the family . Lemma 3.1.4 is proved.
Dekker [90] showed that for every non-computable c.e. set  there is a hyperimmune set  such that , which means that every non-computable c.e. degree contains a hyperimmune set.
Lemma 3.1.5 [82] For every hyperimmune set  there exists a non-computable -computable set .
Proof:  is comparable with  and . Then as  it is enough to take the set , since  for any . Lemma 3.1.5 is proved.
It is known [111] that if  is an arbitrary set,  is an infinite -computable family of total functions and  has at least two nonequivalent -computable Friedberg numberings, then  has infinitely many pairwise nonequivalent -computable Friedberg numberings. It is also known [113] that if  is an infinite -computable family of total functions, where , then  has infinitely many pairwise nonequivalent -computable Friedberg numberings.
Theorem 3.1.4 [82] Let  be an infinite -computable family of total functions, where  is a hyperimmune set. Then  has infinitely many pairwise nonequivalent -computable Friedberg numberings. 
Proof: Let  be an -computable Friedberg numbering of the family , and let  be a non-computable -computable set. We sort the elements of  and  in increasing order:




and we define non-computable function  as follows:





where 
If  is a computable function, then  will be a computable set, since in this case the sequence



would be a computable enumeration of  for , contradiction. Thus  is not computable, but -computable.
Obviously, each numbering from the system



will be an -computable Friedberg numberings and they are pairwise nonequivalent.
Let  and  be computably equivalent, i.e.  and . Assume  and . Then there exists a computable function  such that 



but since  and  are 1-1 functions, it must be  for all natural numbers , contradiction.
Thus, we have constructed infinitely many pairwise nonequivalent -computable Friedberg numberings of the family . Theorem 3.1.4 is proven. 
For a given oracle , we introduce the natural notion of -effective discreteness:
Definition. A family of total functions  is called -effectively discrete if there exists an -computable sequence of initial segments  such that 
(1) ;
(2) ;
(3) .

It is not hard to prove the following fact [75]:
Lemma 3.1.6 [75] If  is an infinite -computable -effectively discrete family, then  has an -computable Friedberg numbering. 
An analysis of the proof of Theorem 3.1.4 shows that the result can be extended to the case of an arbitrary non-computable oracle  for effectively discrete families.
Theorem 3.1.5 [75] Let  be a non-computable set, and let  be an -computable family. If the family  has an -computable Friedberg numbering, then  has infinitely many pairwise incomparable -computable Friedberg numberings.
Proof: Let  be an -computable Friedberg numbering of the family . Notice that the sets
 and 

are -computable. We define numberings , for , as follows:



It is clear that for each , the numbering  is an -computable Friedberg numbering of the family .
Assume that for some  a computable function  gives a reduction . Then the following holds: for any ,

, where .

Hence, we obtain:



Therefore,  is a finite union of sets which are computably enumerable in strictly ascending order. This implies the computability of , which gives a contradiction [75].

[bookmark: _Toc230099320]3.2 Positive numberings
Issakhov extends results [112-114] by generalizing the specific oracle  to an arbitrary oracle  and simplifying aspects of the original proofs, resulting in the following statement.
The following fact is a direct consequence of Lemma 3.1.6 and Theorem 3.1.5: if a family  is -computable and -effectively discrete (for a non-computable set ), then  has infinitely many pairwise incomparable -computable Friedberg numberings [75].
The next theorem connects the existence of positive undecidable -computable numberings with the properties of the Turing degree of the set  [75].
Theorem 3.2.1 [75] Let  be an arbitrary set. The following statements are equivalent:
(1) There is a c.e. non-computable set  such that .
(2) For all families , the following holds: if  has an -computable Friedberg
numbering, then  has infinitely many positive undecidable -computable
numberings.
Proof: (). Let  be a c.e. non-computable set such that  is -computable. Let . Let  be an -computable Friedberg numbering of a family .
For an arbitrary , we define the numbering  as follows:



We show that the numbering  is positive:



It is clear that every disjunct in the formula above is computably enumerable. 
We prove that the numbering  is undecidable. Recall that



Then  if and only if  and . This implies that .
It remains to show the following: if  then . Assume that a computable function  provides a reduction . Then



This implies that the set  is computable, which gives a contradiction.
(). Let  be a set such that every c.e. non-computable  satisfies .
Let . Define a family 
For this family, the numbering  is an -computable Friedberg numbering. We show that every positive -computable numbering of  is decidable.
Consider an arbitrary numbering . Then we have



Hence, the equivalence relation  is -computably enumerable. On the other hand, the relation  is also -c.e.: indeed,



We conclude that .
If  is a positive undecidable numbering, then . This contradicts the fact that there is no c.e. non-computable set  such that . Theorem 3.2.1 is proved. 













[bookmark: _Toc230099321]4 MINIMAL COVERS, IDEALS WITHOUT MINIMAL NUMBERINGS

The authors in [83, 94] investigated the algebraic structure of Rogers semilattices of arithmetic sets and identified a sufficient condition for the existence of minimal coverings. They also left open questions regarding the existence of minimal covers. Specifically, let  be a non-principal -computable numbering of a family , and assume that  is not -computable for any . Under these conditions, does  possess a minimal cover? 
In [83], the authors considered the existence of minimal covers for Rogers semilattices of -computable numberings in the general setting and proposed two additional sufficient conditions. These new conditions extend and strengthen the sufficient condition for the existence of a minimal covering previously established in [94]. 
The following two theorems from [94] provide sufficient conditions for the existence of minimal covers. Let , and let  be a -computable family.
Theorem 4.1 (Badaev, Goncharov [94]) If a numbering  is not -universal, then it has a minimal cover.
Theorem 4.2 (Badaev, Goncharov [94]) If a numbering  admits a -computable diagonal function, then  has a minimal cover inside the semilattice .
Recall that a positive equivalence relation  on the set  is called weakly precomplete if there is no computable function  such that  for all . The notion of a weakly precomplete equivalence relation was introduced in [52] (see also [118]). The proof of Theorem 4.3 (given below) is based on the constructions of weakly precomplete equivalence relations from [118].
Below we will show that in general, the sufficient conditions for the existence of minimal covers, obtained in Theorems 1 and 2 of [94], are not necessary.
Theorem 4.3 [75] Let . There exists an -computable family  such that every  satisfies the following:
(i)  does not have an -computable diagonal function; 
(ii) there is a numbering  such that  is a minimal cover for .
Remark 4.1 [75] If , then the Rogers semilattice (with respect to reducibility ) for the constructed family  is one-element semilattice (i.e., every -computable numbering of  is -universal). The proof of this fact is given below. 
Proof of Theorem 4.3. We fix a sequence of numberings with the following properties: 
· the numberings  are uniformly -computable; 
· if  is an -computable numbering of some -computable family, then there is an index  such that . 
We construct an -computably enumerable equivalence relation  on . We define the desired -computable family  via its -computable numbering: 

, for .

The following lemma proves Remark 4.1.
Lemma 4.1 [75] If , then any two -computable numberings  and  of the family  are equivalent with respect to . 
Proof: Note that the elements of the family  are pairwise disjoint. In addition, . 
The desired -computable function , which provides a reduction from  to , is defined as follows. For a given , we find some element . After that, we search for the least  such that  , and we set .  Lemma 4.1 is proved. 
We construct an equivalence relation  and (uniformly) -computable numberings , for , satisfying the following requirements. 
Requirements. For  we set:
: If the function  is total, then . 
: If  is total and  is a numbering of the family , then  and .
Note the following: the requirements  guarantee the absence of -computable diagonal functions (Condition (i) of the theorem). Condition (ii) is a consequence of the requirements . Further details are given in the verification below. 
In the construction of the relation , our main operation is collapsing two different numbers  and . We say that an equivalence relation  is obtained from an equivalence  by collapsing the numbers  and  if 

.

We assume that no pair  is collapsed before the start of the construction, i.e., our construction begins with the relation . 
As usual, a fresh number is a number that is greater than all numbers previously used in the construction. In particular, if  is a fresh number at a construction stage , then at the beginning of the stage , the -equivalence class of  is a singelton, and there are no restraints on collapsing  with other elements. 
Strategy for  in isolation: 
(1) Choose a fresh number .
(2) Wait for the value  to be defined. 
(3) Collapse the numbers  and  in . 
It is clear that the described strategy satisfies the requirement . We now proceed to the description of the strategy for the other type of requirements. 
Let  be a fixed maximal set, and let  be a computable bijection. Suppose that . Note that . 
For each , in the construction of an -computable numbering , beforehand we declare the following: 

 if , then .                             (4.1)

Strategy for  in isolation: Each such strategy has its own witness. 
(1) The witness for the strategy is chosen as follows: we find the least number  such that  (at the current stage ), and  was not used as a witness at previous stages. If  is not defined, then we set ; after that, we declare that the requirement is forever satisfied, and the strategy outcome is always equal to act. 
(2) If  is defined, then wait until a number  appears.
(3) Choose a fresh number . We forbid collapsing numbers  and  in . We define .
Note the following: if the strategy performs its action (3), then the prohibition will ensure that  and .
Strategy outcomes. If a strategy  or  is waiting at its Step (2), then the strategy has outcome wait. If the strategy reached Step (3), then it has outcome act. 
If a strategy  is initialized at stage , then the strategy restarts its work by choosing a fresh number  at its Step (1). If a strategy  is initialized, then the strategy resumes its work by choosing a new witness at Step (1) and, in addition, we proceed as follows: 
· if the strategy has had its current outcome wait, then we declare  for the old witness ; 
· if  has already forbidden to collapse some numbers  and , then this restraint is removed. 
As usual, we fix an effective -type ordering of all our strategies . 
Construction. The construction uses a tree of strategies . We may assume that  is the complete binary tree . If  is a strategy from , then each of the outcomes of  is associated with one of the children of ; different nodes are associated with different outcomes. The outcomes of each strategy are ordered as follows: act<wait. 
The th level of the tree  is reserved for the requirement . At a stage  of the construction, all levels  are visited. The actions of the strategies are performed according to the priority ordering (i.e., first , second , then , etc.). If, at a stage , a strategy changes its outcome (from wait to act), then all lower priority strategies are initialized. 
We denote by  the equivalence relation constructed by the end of the stage . Notice that the set  is finite. We define .
Verification. Note that  for all . In addition, in the description of the strategy , the condition  can be checked effectively with the oracle . Since , we deduce that the relation  is an -c.e. equivalence. 
The true path is the leftmost infinite path  in the tree  such that each strategy along  is visited infinitely often. Since the tree of strategies is finitely branching, the true path  exists. 
First, we prove that the requirements  guarantee Condition (i) of the theorem:
Lemma 4.2 [75] If  is an -computable numbering of the family , then  does not have an -computable diagonal function. 
Proof: Let  be an arbitrary total -computable function, and  be a -strategy along the true path. It is clear that the actions taken by  guarantee the existence of a number  such that  is -equivalent to .
Assume that there is a numbering  and an -computable function  such that  is a diagonal function for . Consider an -computable approximation  of the numbering . 
We define a function  as follows:

,

where  is the minimization operator. It is clear that the function  is partial -computable. Note that for any , there is a set in the family  such that . Hence, the function  is total. In addition, . 
We define a partial -computable function  as follows:

.

Since the family  does not contain , the function  is total. Notice that . The function  is a diagonal function for , hence, we have ). Thus, the -equivalence classes  and  are different, and this fact is true for an arbitrary number . Therefore, for the -computable function , there is no  satisfying the condition . This gives a contradiction. Lemma 4.2 is proved. 
We give two simple properties of -strategies belonging to the true path. 
Remark 4.2 [75] If an -strategy  lying on the true path has final outcome wait (that is, ), then . Indeed,  has outcome wait at a stage  iff . Hence, we deduce that the set  does not belong to .
Remark 4.3 [75] Suppose that an -strategy  lying on the true path forbids collapsing the numbers  and . If , then . Indeed, let  be the first stage at which  has outcome act. After the stage , the restraint (for collapsing  and ) is never removed, and therefore  contains elements from the disjoint sets  and . Hence, . 
Now we show that the requirements  are satisfied. 
Lemma 4.3 [75] If , then  and .
Proof: Let . We show that  is an -computable numbering of the family . Eq. (1) implies that for , the set  lies in . In addition, every  has a -index.
If , then  is a witness for an -strategy  for some . If  is not defined, then  lies in . Suppose that , and  lies on the true path. Since , Remark 4.2 implies that the final outcome of  is equal to act. Therefore,  for some number .
Now suppose that , and  does not belong to the true path. Let  be the last stage at which the strategy  is visited. If at this stage the strategy  had outcome wait, then . Otherwise,  is equal to  for some . We conclude that  is an -computable numbering of our family . 
We show that . Assume that a computable function  provides reduction . Let  be the -strategy along the true path. By Remark 4.2,  has final outcome act. Since the function  is total, the strategy  eventually reaches outcome act at its Step (3), and at the same time it forbids to collapse numbers  and  in . By Remark 4.3 and the fact that  lies on the true path, we deduce that the established restraint is never violated, hence . We get that  and , which contradicts our assumption that  reduces the numbering  to . Lemma 4.3 is proved.
Now we prove that for any , the constructed numbering  is a minimal cover for . 
If  is an -computable numbering of the family , then, similarly to [11], Eq. (4.1) implies that . Therefore, . In addition,  by Lemma 4.3. 
Let  be a numbering such that , and let a function  provide reduction . Consider a c.e. set . By the maximality of , one of the following two cases holds: 
(1) We have , i.e., the set  is finite. Then it is easy to show that , and hence, we have 𝛿 ≡ 𝜋𝑒. 
(2) The set  is finite. Then , thus, . 
We conclude that  is a minimal cover for . Theorem 4.3 is proven. 

 Infinite families of computably enumerable sets are known in which the Rogers semilattices contain ideals that do not have minimal elements (e.g., the family of all computably enumerable sets, [17]). Furthermore, one can construct a computable family of computably enumerable sets whose Rogers semilattice contains no minimal elements, [37, 55]. Unlike families of computably enumerable sets, every infinite family of computable functions  together with its computable numbering  always admits a Friedberg numbering that is reducible to  ([93]). Consequently, the Rogers semilattice corresponding to any computable family of computable functions always contains minimal elements in its ideals. In [11], it was shown that any infinite -computable family possesses an infinite set of pairwise non-equivalent minimal -computable numberings. Building on this result, the authors in [11] raised the question of whether an ideal without minimal elements could exist in the Rogers semilattice of such families. A positive answer was later obtained for -computable families that admit Friedberg -computable numberings.
Issakhov [115-117] showed that this result is incorrect in the generalized case when  and non-computable families and their numberings are considered, namely -computable families and their -computable numberings. In particular, for any -computable family , there exists an -computable numbering of  that does not admit minimal numberings. To establish this, he first generalized Badaev's criterion for minimal numberings, extending it to a criterion for numberings that do not reduce to minimal ones. It is worth noting that these criteria apply to arbitrary numberings of any sets, not just to computable numberings of families of functions. 
Theorem 4.4 (Badaev [55]). Let  be a numbering of an arbitrary set . Then the following statements are equivalent:
(a)  is a minimal numbering;
(b) for any c.e. set  such that , there exists a computable function  such that  and  for any ;
(c) for any c.e. set  such that , there exists a positive equivalence relation  such that .
Theorem 4.5 (Issakhov, [119]) Let  be a numbering of an arbitrary set . Then  has a minimal numbering which is reducible to  if and only if there exists a c.e. set  for which the following conditions hold:
(a) ;
(b) for any c.e. set , where , there is a positive equivalence relation  such that  and .
Here  is an equivalence relation defined by setting

.

Theorem 4.6 (Issakhov, [111, 119]) For every , there exists a -computable family of total functions whose Rogers semilattice contains an ideal without minimal elements.
Theorem 4.7 (Issakhov, [119]) Let  be an infinite -computable family of total functions, where . Then the Rogers semilattice  contains an ideal without minimal elements.
The following theorem in [120] provides an answer to the question for arbitrary infinite families that are computable with respect to an oracle of hyperimmune degree, specifically, those that are computable relative to oracles of the form .
Theorem 4.8 (Faizrakhmanov [120]). Let  be a hyperimmune set and  be an infinite -computable family. Then the Rogers semilattice of  contains an ideal without minimal elements.
The proof of Faizrahmanov’s theorem makes significant use of Martin-Miller's [91] criterion, which states that a Turing degree of a set  contains a hyperimmune set if and only if there exists a function  that is not dominated by any computable function.







[bookmark: _Toc230099322]5. NUMBERINGS FOR DIFFERENT STRUCTURES

This section studies generalized computable numberings for a natural subclass of positive binary relations – the class of positive linear preorders. 
Recall that a set  is a linear preorder if  is a reflexive and transitive relation, and for any  

.
By Celps we denote the set of all -degrees of computably enumerable linear preoders.
The following fact was established in [121]: 
Theorem 5.1 (Kalmurzayev, Bazhenov, Torebekova [121]) There is no computable numbering of the family  of all positive linear preorders. 
The following natural question arises: which oracles  satisfy the condition that the family ℒ has an -computable numbering? We answer this question in Theorem 5.3 below. 
Recall that the following result was obtained in [122].
Theorem 5.2 (Jockusch [122]) For an arbitrary set , the following conditions are equivalent: 
(1) ; 
(2) the family of all total computable unary functions has an -computable
numbering;
(3) the family of all -valued total computable unary functions has an -
computable numbering. 
Using Theorem 5.2, we establish a criterion for the existence of a generalized computable numbering for the family of all positive linear preorders. Let  denote the relation . 
Theorem 5.3 [75] Let be an arbitrary oracle. The family of all positive linear preorders  has an -computable numbering if and only if . 
Proof: (). Let . By Theorem 5.2, we choose an -computable numbering  for the family of all total computable unary functions. We construct an -computable numbering of the family  as follows. 
Fix a Gödel numbering  of all finite binary relations such that . 
For a given index , we define an -computable sequence  of binary relations as follows:  and 





Set . It is easy to see that  is an -computable numbering for some subfamily of the family . We show that this numbering indexes the whole family .
A binary relation  is a positive linear preorder (on ) if and only if there exists a strongly computable sequence of finite relations  such that for each  the set  is a linear preorder on the interval  and, in addition, . Hence, for a given positive linear preorder , one can choose a computable function  such that  is an approximation of  (in the sense discussed above). If  for some , then it is clear that the preorder  is equal to . 
(). Suppose that there exists an -computable numbering of the family of all positive linear preorders . Denote this numbering by . We fix a strongly -computable sequence of finite binary relations  such that for all  and , we have , , , and . 
We define a new -computable numbering  for some subfamily of , shown on the following equation of 5.1. Given  and , we put , and 




We put . Notice that



Now, for a given , we construct a function  as follows:



Since the preorder  is linear, the function  is total. We show that each function  is computable. For each , one of the following two cases holds. 
Case 1. If the relation  is antisymmetric, then  and  is a computable linear order on . Therefore, we have the following equality: 



Hence, we deduce that the function  is computable.
Case 2. Otherwise, . The equation 5.1 shows that the sequence   is strongly computable. Indeed, one can non-uniformly choose the least (under inclusion)  such that the relation  is not antisymmetric. After that, the further construction of  can be carried out without using the oracle . This implies that the function  is computable. 
Thus, we deduce that  is an -computable numbering of some family of -valued total computable functions. We show that each such function has an index in the constructed numbering.
For a given -valued total computable function , one can construct a computable linear order  according to the following rules:

· if , then 

· ;

· .

Here  denotes the integer part of the function . Now we note that for any index  such that , we have  and .
By Theorem 5.2, we deduce that . Theorem 5.3 is proved.
The family of all positive linear preorders (in [121] it was denoted by Celps) has no computable numbering. Thus, we will work with numberings of a natural superfamily of the family Celps. This superfamily was introduced in [121].
Proposition 5.1 (Kalmurzayev, Bazhenov, Torebekova [121]) Let 

.

There exists a universal computable numbering of the family .

We emphasize that the family  contains all equivalence relations of the form , for . Here  is the Cartesian square of the initial segment  of natural numbers.
Theorem 3.1 of [123] proves the following result. For an infinite set , we define the following family of equivalence relations  



Theorem 5.4 (Bazhenov, Kalmurzayev [123]) Let  be a computable family of binary relations on . Suppose that there is an infinite computable set  such that . Then  has a computable Friedberg numbering.
Notice the following: in [123], Theorem 5.4 was formulated for families  containing equivalence relations. Nevertheless, a similar construction works in the general case of arbitrary . In addition, similarly to Propositions 4.1 and 4.2 of [123], one can prove the following two results. 
Proposition 5.2 [75]. Let  be a computable family of binary relations satisfying the conditions of Theorem 5.4. Then  contains infinitely many pairwise incomparable Friedberg numberings. 
Proposition 5.3 [75]. Let  be a computable family of binary relations satisfying the conditions of Theorem 5.4. Then  contains infinitely many pairwise incomparable positive undecidable numberings. 
We note that the family  satisfies the conditions of Theorem 5.4. To prove the remaining results on minimal numberings, we rely on the following results [33]: 
Theorem 5.5 [33]. Let  be a family of c.e. sets with the following properties:
(1) there is a computable numbering  of a subfamily  such that for any
 , we have ;
(2) there is a set  such that ;
(3) the family  has a computable Friedberg numbering.
If  is a maximal set, then there exists a minimal computable numbering  of the family  such that  is not equivalent to any positive numbering and the set of indices is equal to . Furthermore, the family  has infinitely many pairwise incomparable computable, minimal nonpositive numberings. 
Theorem 5.6 [33] Let  be a family of c.e. sets with the following properties: 
(1) there is a subfamily  consisting of infinite sets and having a computable Friedberg numbering; 
(2) there is a strongly computable family of finite sets  such that each set from  is the union of an increasing sequence of elements from ;
(3) there is a c.e. set  such that  and ;
(4) the family  has a computable numbering. 
If  is a simple, non-hypersimple set, then there exists a computable numbering  of the family such that the lower cone of  does not contain minimal computable numberings, and . Furthermore,  has infinitely many pairwise incomparable computable numberings such that their lower cones do not contain minimal computable numberings. 

We show that the conditions of the theorems above are satisfied by our family . For  we define 

.

It is easy to see that for each 𝑛 the relation  is a computable linear preorder, and . We note that

 and .

Here  denotes the reversal of the standard ordering of natural numbers:  if and only if . 
Let . We show that the family  has a computable numbering. 
Proposition 5.4 [75] The family   has a computable numbering.
Proof: Let  be a computable numbering of the family  (from Proposition 5.1). We fix a computable approximation  of positive preorders  such that the following conditions hold for all  satisfy: 
(1) . 
(2)  is a computable preorder. 
(3) We define the parameter  as the greatest number  such that  is a linear preorder. Then we assume that  and . 
We construct an approximation  of a computable numbering  of the family . We also build an auxiliary partial -computable function  via its computable approximation . In addition, at a stage , we define auxiliary parameters  and . 

Construction. 
Stage 0. Let  for all , let , and assume that the value  is undefined for all . Set  and . 
Stage 𝑠 + 1. One-by-one, consider all  in ascending order. We search for the least number  such that: 
· for each  and ;
· both pairs  and  lie in . 
If there is no such , then we set  and . 
If the number  exists, then we set  and 



Regardless of whether a suitable  exists, one of the following three cases applies to .
(1) If , then we set 
 and .
(2) If , , and , then we define ,
,
.

(3) Otherwise, we define   and .
We proceed to the next stage.
This finishes the description of the construction. As usual, for , we set 
. If the limit  exists, then we put . 

Lemma 5.1 [75] The value  is defined if and only if . 
Proof: (⇒). Suppose that  is defined and is equal to . Then there is a stage  such that for any  we have . This implies that for any stage , Case (3) of the construction holds. It is clear that the preorder  is equal to .
Assume that  or . Fix the least  such that . The definition of the family  implies that for any  we have . 
Choose a stage  such that  and . It is clear that for any  we have . Now we choose the least stage  such that  and 

.

It is clear that . The inequality  implies that some stage  such that  satisfies Case (2). We get a contradiction. 
(⇐). Suppose that the value  is undefined. This means that infinitely many stages  satisfy Case (2). In particular, this implies that there exists the least number  such that . 
Choose the least  such that  and . If some number  satisfies , then it is clear that  for all — this contradicts the fact that there are infinitely many stages satisfying Case (2). We deduce that for any , we have  and . 
We conclude that for all  we have . Since Case (2) occurs infinitely often, the value  tends to infinity as  increases. Therefore, for any  we have . We obtain the following: 



Hence, . Lemma 5.1 is proven.
The following is a direct consequence of the proof of Lemma 5.1 and the description of the construction: if  is defined, then . 
If , then there exist  such that  and at the stage  Case (2) is satisfied. Therefore,  belongs to the family . We conclude that the constructed  is a computable numbering of the family . 
We define  and . Thus, we obtain a computable numbering  of the family . Proposition 5.4 is proven. 
Notice that for every , the preorder  belongs to the family . Therefore, by Theorem 5.5, the family  has a computable Friedberg numbering. A similar fact is also true for the family . 
Corollary 5.1 [75] The family  has infinitely many pairwise incomparable computable, minimal nonpositive numberings. 
Proof: We show that the family  satisfies all conditions of Theorem 5.5. Let . It is sufficient to show that the family   has a computable Friedberg numbering. This follows from the fact that L is equal to .
Corollary 5.2 [75] The family   has infinitely many pairwise incomparable computable numberings such that their lower cones do not contain minimal computable numberings. 
Proof: We give a sketch of the proof. Similarly to [123], we define an operator  according to the following rule: . For a given family , in a natural way, we define the family 

.

We show that the family  satisfies all conditions of Theorem 4.6. 
Let . It is clear that  is a computable Friedberg numbering of the family . 
Let  Since every set  is (even) primitive computable, uniformly in , the family  is strongly computable. In addition,  is the union of the increasing sequence . Notice the following fact: . Thus,  is a subfamily of . 
We choose  as our set . Then the family  is equal to the family , where  is the same as in the previous proof, and  has a computable numbering.  
We deduce that  has infinitely many pairwise incomparable computable numberings such that their lower cones do not contain minimal computable num- berings. Using an analogue of Lemma 5.1 from [84], one can transfer this fact to the family .  
 In [124] focuses on a specific order : we consider the following substructure in the poset Celps.
By  we denote the following poset:

,

where  standard order of natural numbers. 
The following question arises: for which oracles  does there exist an -computable numbering of the family ?  We will get the answer to this question in Theorem 5.7.
Theorem 5.7 [78] Let  be an arbitrary set. The family of all positive linear preorders  has -computable numbering if .
Proof: There is a computable numbering of all c.e. preorders. Obviously, . The condition  is equivalent to the following:  is antisymmetric &  is linear & there is the least element with respect to  & any interval with respect to  is finite. More formally,



Note that if  is antisymmetric and linear relation, then  is recursive.
Now for a given  we construct the numbering  as follows: we define 



if 

		(5.1)

is hold and otherwise we consider . Here  is the standard order on the natural numbers. Define .
The condition (5.1) is -computable, because  is recursive relation when  is antisymmetric and linear. So, it is not hard to see that the sequence  is uniformly -computable. 
Assume  is arbitrary linear order. It is clear that  for some . For  the condition (1) is hold and moreover the condition is also hold for any . This mean . So, . Theorem 5.4 is proven.
Further, we will discuss questions for existence subfamilies of .
Theorem 5.8 [124] If  then there is no subfamily  of  and -computable numbering  for family  such that
for any recursive order  there is  such that .			(5.2)

Proof: By contradiction, assume  and there is subfamily  and -computable numbering  for family  satisfying (5.2).
Then no hard to show that for any 

- is a linear order and  for some .

The last is equivalent to



Here, 
 is  sentence;
 is sentence;
 is  sentence; because  is -computable. It follows that, .  is -complete set. Contradiction. 
Note the following important corollaries.
Corollary 5.3 [124] There is no -computable numbering for the family  if .
Corollary 5.4 [124] There is no -computable numbering  for any subfamily  satisfying the condition (5.2).
We show that the family  has -computable numbering if . If  then the condition (2) satisfied for any -computable numbering of . Also, we show that if , then the family  has no -computable subfamily satisfying condition (5.2).
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In conclusion, several significant results can be highlighted, contributing substantially to the development of the theory of computable numberings and computable structures. One of the main achievements is the construction of an example of an -computable family  for an arbitrary oracle , such that every -computable numberings of  has a minimal covering. This result is important because it shows that this family satisfies the property of minimal covering, even though  does not meet the conditions for the existence of minimal coverings proposed in the work of S. A. Badaev and S. Yu. Podzorov (2002).
Another significant contribution is the proof that the family of all positive linear preorders has an -computable numberings if and only if . This finding strengthens the connection between the computability of numberings and the properties of oracles, providing further clarity on the structure and conditions for the existence of computable families.
Additionally, the research yielded results on minimal -computable numberings, including Friedberg and positive undecidable numberings, expanding our understanding of their structure and application in the theory of computability.
Furthermore, an important result is the resolution of the previously unresolved question of whether there exists an infinite family of total functions with a hyperimmune-free oracle that has an -computable main numbering. A positive answer to this question was provided in this dissertation, demonstrating the existence of such a family where an -computable main numbering is possible, despite the hyperimmune-free Turing degree of the oracle's set.
Thus, this work makes a significant contribution to the theory of computable numberings, enhancing our understanding of the interaction between the computability of objects and oracles. The results obtained open new perspectives for further research in the field of computability and algorithm theory.
All the results presented in this work were obtained through the joint effort with my local and research supervisor, whose valuable advice and support were a crucial foundation for the successful completion of this research.
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